In this paper, mathematical methods of the interaction analysis of protein networks are developed. The main element of this analysis is a construction and enumeration of all shortest ways connecting two separated proteins in the network. The results obtained are illustrated by the Arabidopsis protein network that is of high importance for bioengineering.
Introduction
In this paper, mathematical methods of interaction analysis of protein networks are developed with the aim to control these networks. The main element of this analysis is a separation of subnetworks which fulfill special functions within protein networks [4, 7, 1] . Each given network is constructed around some center, defined in an expert way and playing an important role in the network. The center is surrounded by sequential shells of different levels 1, 2, . . . Then shortest ways from the center to different nodes pass through these shells serially. Such construction of a subnetwork surrounding the center allows to leave only necessary connections, which are realized by shortest ways from the center to another node of the network. The subnetwork contains all ways connecting the center with other nodes. Each way of this subnetwork is the shortest in the network.
A novelty of this approach is the decomposition of protein networks into subnetworks, which are more convenient for experimental confirmation of predicted protein interactions and the development of necessary functions control. The separated subnetworks describe different functional subsystems such as the Secondary Metabolism subsystem or Hormonal subsystem. This approach is closely related with the well-known Dijkstra algorithm. But the algorithm suggested allows not only the finding of shortest ways between network nodes, but also a construction of subnetworks that possess wider extremal properties: these subnetworks consist of shortest ways only. This property allows to enumerate all ways connecting the center node with all nodes which are accessible from it. The suggested algorithm was tested with using the protein network of Arabidopsis, which has large importance for the development of plant cell bioengineering methods.
Preliminaries
The Dijkstra algorithm. In this algorithm [2] , the undirected graph G with the node-set U and the edge-set V without loops and fold edges is considered. Each pair of nodes (i, j), i, j ∈ U, has its length d i,j > 0, d i,i = 0. We construct the nodes sets A 0 , A 1 , . . . and the sets of marks B 0 , B 1 , . . . where B k = {b i , i ∈ A k } to calculate lengths of the shortest ways from 0 to i ∈ U. For this aim, the following recurrent procedure is used. Put A 0 = {u 0 }, B 0 = {b 0 = 0} and assume that we know A n , B n then to construct A n+1 , B n+1 we find the node k ∈ U \A n which satisfies the relation 
of the matrix D N −1 equals the length of the shortest way from the node i to the node j of the graph G.
The algorithm of calculation of number of ways between nodes of unweighted graph with fixed length. Assume that the graph G is characterized by the adjacency matrix R = [r i,j ] N i,j=1 where each element equals 1 if there is an edge between its nodes else it is 0. Construct the matrices
i,j equals a number of ways with the length k between the nodes i, j in the graph G [5] .
But this algorithm does not give a suitable method to enumerate and to visualize all ways between the nodes i, j with the fixed length k including a case when k is the minimal way length.
Construction of subgraphs from shortest ways
A respond on the last question is following. Take the wave front algorithm [5] which is an analog of the Dijkstra algorithm.
Assume that in the connected, directed and unweighted graph G with the node-set U and with the edge-set V we separate the node u 0 . Designate S 0 = {u 0 }, and put S 1 the subset of all nodes so that in G there are edges from S 0 = U 0 to these nodes. Denote G 1 the subgraph of G with the nodes set U 1 = U 0 S 1 and with the edges from S 0 to S 1 . Designate by F 1 = V 1 the set of edges from S 0 nodes to S 1 nodes.
Suggest that S 2 is the set of nodes from U \ U 1 in which edges from S 1 arrive. Denote G 2 the subgraph of G with the nodes set U 2 = U 1 S 2 and with the edges set V 2 = V 1 F 2 , where F 2 is the set of edges from S 1 to S 2 .
Further by an induction define the node-sets S n , U n = U n−1 S n and the edge-sets F n , V n = V n−1 F n and the subgraph G n generated by these sets, n > 2. This construction finishes at the step N when U N = U. Theorem 2.1 In the subgraph G n each way from the node u 0 to the node u n ∈ U n , n ≤ N, is the shortest in the graph G. Any shortest in the graph G way from the node u 0 to the node u n ∈ U n , n ≤ N, belongs to G n .
Proof. Assume that L n is a way from the node u 0 to the node u n ∈ U n in the graph G n . This way serially visits the nodes u 0 ∈ S 0 , u 1 ∈ S 1 , . . . The sets S 1 , . . . , S n do not intersect pairwise and each way in G from u 0 to u n is to intersect the sets S 1 , . . . Consequently the way L n is the shortest in the graph G.
Assume that L n is shortest way in G from u 0 to u n ∈ U n . By a construction of the sets S 1 , . . . , S n the way L n is to intersect serially the sets S 1 , . . . , S n As L n is the shortest way in G from u 0 to u n so it contains the edge from the set U 0 to the set U 1 , consequently it contains the way L n ∈ G n .
Algorithm of return trace. Suggest that the node u n ∈ S n , S n = {u n }, among the set F n−1 edges choose the subset F n−1 ⊆ F n−1 , of edges arriving to the node u n , and denote by S n−1 ⊆ S n−1 the set of initial nodes of the set F n−1 edges. Contrast the node-set S n−1 the set of edges F n−2 ⊆ F n−2 , arriving to the set S n−1 and designate S n−2 ⊆ S n−2 the set of initial nodes in F n−2 . This construction continues until we reach the node u 0 . Denote G n the subgraph of G, consisting of the node-set U n = n k=0 S k and the edge-set
Theorem 2.2 All sets S 0 , . . . , S n−1 are not empty and S 0 = S 0 = {u 0 }. All shortest ways in the graph G from the node u 0 to the node u n have a form u 0 , u 1 , . . . , u n ; u 0 ∈ S 0 , u 1 ∈ S 1 , . . . , u n ∈ S n , where the edges (u 0 , u 1 ) ∈ F 0 , . . . , (u n−1 , u n ) ∈ F n−1 .
Proof. From Theorem 2.1 all shortest ways in G from u 0 to u n contain in the graph G n . By a construction the graph G n contain all ways of the graph from u 0 to u n , and all these ways are enumerated in Theorem 2.2 condition. Theorem 2.3 Assume that in the graph G there is the way (u m , u m+1 , . . . , u l ), m < l, where u m ∈ S m , u m+1 ∈ S m+1 , . . . , u l ∈ S l . Then this way is the shortest in the graph G.
Proof. Suggest that the way L begins at the node u m ∈ S m and finishes at the node u l . Denote by u m the node of the graph G, from which the way L last time departs from the set U m . Further put u m+1 the node of the graph G, from which the way L last time departs from the set U m+1 , . . . It is obviously that such nodes exist and do not coincide with each other. So the way L length is not smaller than the length of the way (u m , u m+1 , . . . , u l ), which equals l − m. Remark 1. Theorems 2.1 -2.3 are also true for undirected graphs. Remark 2. Theorem 2.3 statement takes place in a case when the set S 0 has more than a single node 0.
Numerical example
Consider the Arabidopsis protein network based on the comprehensive and validated database PAIR [6] which has 2824 nodes and 7570 edges. In this network, there are the block of Secondary Metabolism with the node TTG1 and the Light block with the node CRY1 [1] . Figure 1 represents the graph of the shortest ways from the protein CRY1 to the protein TTG1. Figure 2 represents the graph of the shortest ways from the protein TTG1 to the protein CRY1. It is obvious that the lengths of these shortest ways on Figure 1 are twice than those presented in Figure 2 . Moreover, a branching on Figure 1 is significantly larger than on Figure 2 . Analogous pictures were obtained when we analyzed the shortest ways between other hubs, i.e. ABAP1 which belongs to the hormonal block and the protein TTG1 which belongs to Secondary Metabolism block.
